Abstract: For a gaussian interaction V (x, y) = λ e − x 2 +y 2 2r 2 with long range r >> ℓ B , ℓ B the magnetic length, we rigorously prove that the eigenvalues of the finite volume
with long range r >> ℓ B , ℓ B the magnetic length, we rigorously prove that the eigenvalues of the finite volume
rotA = (0, 0, B), and P LL the projection onto the lowest Landau level, are given by the following set: Let M be the number of flux quanta flowing through the sample such that ν = N/M is the filling factor. Then each eigenvalue is given by E = E(n 1 , · · · , n N ) = N i,j=1;i =j W (n i −n j ). Here n i ∈ {1, 2, · · · , M}, n 1 < · · · < n N and the function W is given by W (n) = λ j∈Z e
In this paper we consider the two dimensional many electron system in finite volume in a constant magnetic field B = (0, 0, B) described by the Hamiltonian
We restrict to the completely spin polarized case and neglect the Zeemann energy. The electron-electron interaction is assumed to be a gaussian,
V (x, y) = λ e − x 2 +y 2 2r 2 (2) which is long range, r >> ℓ B , ℓ B being the magnetic length. The only approximation we will use is (see (33,35) below)
where
2 denotes the normalized Hermite function. With this approximation, the Hamiltonian P LL H N P LL , P LL being the projection onto the lowest Landau level, can be exactly diagonalized. There is the following
with magnetic boundary conditions (11), see below), let A(x, y) = (−By, 0, 0) and let the interaction be gaussian with long range,
Let P LL : F N → F LL N be the projection onto the lowest Landau level, where F N is the antisymmetric N-particle Fock space and F LL N is the antisymmetric Fock space spanned by the eigenfunctions of the lowest Landau level. Then, with the approximation (3), the Hamiltonian H N,LL = P LL H N P LL becomes exactly diagonalizable. Let M be the number of flux quanta flowing through [0,
is the filling factor. Then the eigenstates and eigenvalues are labelled by N-tupels (n 1 , · · · , n N ), n 1 < · · · < n N and n i ∈ {1, 2, · · · , M} for all i,
where ε 0 = eB/(2m) and
and the normalized eigenstates are given by
Proof: We proceed in four steps: Review of the unperturbed single body problem, projection onto the lowest Landau level using fermionic annihilation and creation operators, implementation of the approximation (3) and finally diagonalization. 
This setup also has been used in the paper of Koma [1] . The eigenfunctions ϕ = ϕ n,k of the unperturbed single body hamiltonian
with magnetic boundary conditions
see [1] , are labelled by quantum numbers n = 0, 1, 2, · · · , the Landau level index, and momenta
Here M is the number of flux quanta flowing through the sample. Because of flux quantization, this has to be a natural number,
The magnetic length is given by
and a flux quantum is given by
The energy eigenvalues are given by
and have an M-fold degeneracy. The fraction
is the filling factor of the system, if N denotes the number of electrons. The explicit form of the normalized finite volume eigenstates in asymmetric gauge is [1] 
B k and h n is the normalized Hermite function,
2 , c n =
(ii) Projection onto the Lowest Landau Level
To project H N onto the lowest Landau level, we rewrite H N in terms of fermionic annihilation and creation operators
where F N is the antisymmetric N-particle Fock-space. We consider the completely spin polarized case in which only one spin direction (say ψ = ψ ↑ ) contributes and we neglect the Zeeman energy. Introducing a n,k , a + n,k according to
the a n,k obey the canonical anticommutation relations
and (21) 
The interacting part becomes
where we used the notation
Now we consider systems with fillings
and restrict the electrons to the lowest Landau level. Since the kinetic energy is constant, we consider only the interacting part,
where we abbreviated
(iii) The Approximation The matrix element nk|V |n ′ k ′ is computed in the appendix. For a gaussian interaction (2) the exact result is
is an M-periodic function (as a function of m). For a long range interaction r >> ℓ B , we may approximate this by
Then H LL becomes
Here we used that
which is a consequence of
and (36) follows if we define
These matrix elements are also computed in the appendix and the result is 
where the interaction is given by
Apparently (41) looks like a usual one dimensional many body Hamiltonian in momentum space. Thus, since the kinetic energy is constant, we can easily diagonalize it by taking the Fourier transform. For 1 ≤ n ≤ M let
or
Substituting this in (41), we get
with an interaction
where w m ≡ w k is given by (42), k = 2πm/L x . The N-particle eigenstates of (45) are labelled by N-tupels (n 1 , · · · , n N ) where 1 ≤ n j ≤ M and n 1 < n 2 < · · · < n N and are given by
if we define
The energy eigenvalues are
The Fourier sums in (46) and (48) We close with some comments. First, the approximation (3) looks quite innocent. However, by reviewing the computations one finds that it is actually equivalent to the approximation V (x, y) = λ e − x 2 +y 2 2r 2
2r 2 . Thus we substitute an integrable interaction by a non integrable, non symmetric one. As a consequence, the total energy is no longer proportional to the volume (if the density is kept fixed) but grows as L × L 2 . Second, one may speculate that for fillings ν = 1/q the ground states are labelled by the N-tupels (n 1 , · · · , n N ) = j, j +q, j +2q, · · · , j +(N −1)q which have a q-fold degeneracy, 1 ≤ j ≤ q. A q-fold degeneracy for fillings ν = p/q, p, q without common devisor, follows already from general symmetry considerations (see [1] or [2] ). One may also conjecture that there is a gap for rational fillings, that is
Here E 0 is the lowest and E 1 the second lowest eigenvalue in finite volume. However, we find it hard to imagine that the energy (6) distinguishes between even and odd denominators q. In other words, it is questionable whether the model (1,2) favours the observed fractional quantum Hall fillings (see [3, 4, 5] for an overview).
. Then one has
is an M-periodic function (as a function of m).
Proof: We have
and the lemma follows Lemma 2: The matrix elements (39) are given by
The plane waves combine to
and the x-integral gives a volume factor L x times a Kroenecker delta which is one iff
Thus (58) becomes 
This proves (66). (67) is obtained directly from (18) by putting r = m + jM.
